We define Baker omitted value, in short bov, of an entire or meromorphic function f in the complex plane as an omitted value for which there exists r 0 > 0 such that for each ball D r (a) centered at a and with radius r satisfying 0 < r < r 0 , every component of the boundary of f −1 (D r (a)) is bounded. The bov of a function is the only asymptotic value. An entire function has bov if and only if the image of every unbounded curve is unbounded. It follows that an entire function has bov whenever it has a Baker wandering domain. Functions with bov has at most one completely invariant Fatou component. Some examples and counter examples are discussed and questions are proposed for further investigation.
Introduction
Let f : C → C = C {∞} be a transcendental entire or meromorphic function with a single essential singularity which we choose to be at ∞. A point a ∈ C is called a singular value of f if for every open neighborhood U of a, there exists a component V of f −1 (U ) such that f : V → U is not injective. The set of singular values is the closure of all critical values and asymptotic values of f . A critical value is the image of a critical point, that is, f (z 0 ) where f (z 0 ) = 0. A point a ∈ C is an asymptotic value of f if there exists a curve γ : [0, ∞) → C with lim t→∞ γ(t) = ∞ such that lim t→∞ f (γ(t)) = a. An equivalent definition of singular values which is more relevant for this article follows [3] . For a ∈ C and r > 0, let D r (a) be a ball with respect to the spherical metric and choose a component U r of f −1 (D r (a)) in such a way that U r 1 ⊂ U r 2 for 0 < r 1 < r 2 . There are two possibilities.
1. r>0 U r = {z} for z ∈ C: Then f (z) = a. The point z is called an ordinary point if (i) f (z) = 0 and a ∈ C, or (ii) z is a simple pole. The point z is called a critical point if f (z) = 0 and a ∈ C, or z is a multiple pole. In this case, a is called a critical value and we say that a critical point or algebraic singularity lies over a.
2. r>0 U r = ∅: The choice r → U r defines a transcendental singularity of f −1 . We say a transcendental singularity lies over a. There is a transcendental singularity over a if and only if a is an asymptotic value. The pre-image of every ball centered at an asymptotic value has at least an unbounded component. The singularity lying over a is called direct if there exists r > 0 such that f (z) = a for all z ∈ U r . The singularity lying over a is called logarithmic if f : U (r) → D r (a) \ {a} is a universal covering for some r > 0. A singularity is indirect if it is not direct.
A value z 0 ∈ C is said to be an omitted value for the function f if f (z) = z 0 for any z ∈ C. It is easy to note that each singularity lying over an omitted value is direct. In other words, each component of f −1 (B) is unbounded for every ball B centered at an omitted value and with sufficiently small radius. However, more than one singularity can lie over an omitted value. For example, there are infinitely many singularities of the inverse of tan e z lying over i. This article deals with certain type of omitted values over which there is only one singularity and that is not logarithmic. Let D r (a) be the ball around a with radius r with respect to the spherical metric.
Definition 1.1. (Baker omitted value ) An omitted value a ∈ C of an entire or meromorphic function f is said to be Baker omitted value, in short bov, if there exists r 0 > 0 such that for all r satisfying 0 < r < r 0 , each component of the boundary of
It follows that f −1 (D r (a)) is infinitely connected and each component of C \ f −1 (D r (a)) is bounded (Lemma 2.1). The bov is the only asymptotic value of the function (Theorem 2.1). Consequently, the bov of an entire function must be ∞ and the bov of a meromorphic function is always finite. If g is an entire function with a bov then a is the bov of the meromorphic function 1 g + a, a ∈ C. Conversely, if f is a meromorphic function with bov a then ∞ is the bov of the entire function
The sequence of iterates {f n } n>0 of f on a domain Ω ⊆ C is said to be normal if every sequence of functions in {f n } n>0 contains a subsequence which converges either to a finite limit function or to ∞ uniformly on each compact subsets of Ω. The set of points z ∈ C in a neighborhood of which the sequence of iterates {f n } n>0
is defined and forms a normal family is called the Fatou set of f and is denoted by F(f ). The Julia set, denoted by J (f ), is the complement of F(f ) in C. for all n = m. We say a multiply connected Fatou component U surrounds a point a ∈ C if there exists a bounded component of C − U containing a.
Definition 1.2. (Baker wandering domain)
A Baker wandering domain is a wandering component U of F(f ) such that, for n large enough, U n is bounded, multiply connected and surrounds 0, and f n (z) → ∞ as n → ∞ for z ∈ U.
Note that if f has a Baker wandering domain then all the Fatou components including the Baker wandering domains are bounded.
Let E denotes the class of all transcendental entire functions and M denotes the class of transcendental meromorphic functions with at least two poles or one pole that is not an omitted value. An omitted value of a function belonging to the class M determines a number of important aspects of the dynamics of the function [6] . In this article, we first state and prove the existence of Baker omitted value and investigate some of its dynamical implications. Theorem 3.1 proves that an entire function has the bov if and only if the image of every unbounded curve is unbounded. It is proved in Theorem 3.2 that if an entire function has a Baker wandering domain then it has bov. A sufficient condition is also found for meromorphic functions to have bov.
A Fatou component U of a function f is called completely invariant if
It is proved in Theorem 4.1 that every meromorphic function with bov has at most one completely invariant Fatou component. This is a stronger version of an unresolved conjecture which states that the number of completely invariant Fatou components of a meromorphic function is at most two. A number of properties of a function with bov are found in Section 2. Section 3 discusses the existence of bov and relevant examples. We investigate completely invariant Fatou components of functions with bov in Section 4. Some questions are proposed for further investigation in Section 5. A comparison of properties of entire and meromorphic functions with bov is given in Table 1 .
Each function considered in this article is either entire or meromorphic. Every ball is with respect to the spherical metric. We denote the ball centered at a and with radius r by D r (a) throughout the article. Let J z , z ∈ C denote the component of the Julia set containing z.
Implications
First, we analyze the pre-image of small balls centered at bov. Lemma 2.1. If a is the bov of f then there is r 0 such that for all 0 < r < r 0 , f −1 (D r (a)) is infinitely connected and each component of
Proof. By the definition of bov, there is r 0 > 0 such that for all r < r 0 , each component of the boundary of
at least two components and each of them is unbounded. Further, the boundary of each of them has an unbounded component. However, this is not true proving that
is simply connected or finitely connected then it contains a neighborhood of ∞ punctured at ∞. By the Casorati-Weirstrass Theorem, f (f −1 (D r (a))) contains C except possibly two points. This is a contradiction as
Therefore f −1 (D r (a)) is infinitely connected. It follows that each component of
Singular values of a function are restricted whenever it has bov. For proving this, we prove a lemma which may be also of independent importance. Lemma 2.2. If a is the bov of f and B is any ball not containing a in its closure then each component of
is contained in a component of The above result says that if f has bov then every other singular value of f is a critical value. Some other important remarks follow. Remark 1.
1. Each bov is an asymptotic value. In view of Theorem 2.1, it is clear that there is at most one bov for a function.
2.
The point at ∞ is always an asymptotic value for an entire function. Therefore, if an entire function has bov then it is ∞.
3.
If a meromorphic function has bov then it is a finite complex number. This is because ∞ is not an omitted value for a meromorphic function.
4.
If a point is finitely taken then it is an asymptotic value. Therefore, if a ∈ C is the bov of f then for each z ∈ C − {a} there are infinitely many points in C that are mapped to z by f . In particular, each entire function with bov takes every finite point infinitely often and each meromorphic function with bov has infinitely many poles. 
It follows from Theorem 2.1 that an entire function f has bov then it has no finite asymptotic value. However, the converse is not true in general as given in the following example. 
Proof. If f is entire with bov then 1 f + a, a ∈ C is meromorphic having a as its bov. Since 1 z + a is a bijection, we assume without loss of generality that f is a transcendental meromorphic function and a ∈ C is the bov of f (See Figure 1) . Then there exists r 0 > 0 such that for all r satisfying 0 < r < r 0 , f −1 (D r (a)) is infinitely connected and each component of C \ f −1 (D r (a)) is bounded by Lemma 2.1. is infinitely connected. This completes the proof.
Existence
A necessary and sufficient condition for existence of bov for entire functions is the content of the next theorem.
To prove the converse, let f (γ) be unbounded for each unbounded curve γ. Let B be a simply connected and bounded domain and D be a component of
If D is unbounded then there exists an unbounded curve γ in D and consequently f (γ) is unbounded. But it cannot be true since f (z) ∈ B for all z ∈ D. Thus each D is bounded. Now, suppose that there is a bounded component of C \ D. Let it be C and consider w ∈ ∂f (C). If f (z) = w then z does not belong to the interior of C by the Open Mapping Theorem. Consider a sequence {w n } n>0 in f (C) such that w n → w as n → ∞. Then there is z n ∈ C such that f (z n ) = w n . Each limit point of the sequence {z n } n>0 is in C. If z is such a limit point then by the continuity of f at z, f (z) = w and z ∈ ∂C. Now taking a sequence {b n } n>0 in D such that b n → z as n → ∞ it follows, by continuity of
is unbounded. Also, if ∂f (C) = ∂B then f (C) = C \ B and hence f (C) is unbounded. However, this is not possible as f is entire and C is bounded. Thus C \ D has no bounded component and hence each D is simply connected. Now, it follows from the Casorati-Weirstrass Theorem that f −1 (B) has infinitely many components.
Let N be a neighborhood of ∞. Then C \ N is a bounded simply connected domain. There are infinitely many components of f −1 (C \ N ) and each such component is bounded by the conclusion of the previous paragraph. Let these components be
Baker omitted value is a special property of the inverse of f whereas Baker wandering domain is a dynamical aspect of a function i.e., a property of f n . The following result connecting bov with Baker wandering domains follows as a consequence of Theorem 3.1.
Theorem 3.2.
If an entire function has a Baker wandering domain then it has the bov.
Proof. Let W be a Baker wandering domain of an entire function f . Then every unbounded curve γ intersects W n and f (γ) intersects W n+1 for infinitely many values of n. Since f n (z) → ∞ for all z ∈ W by the definition of Baker wandering domain, the intersection n>0 f (γ) W n+1 is unbounded. Therefore f (γ) is unbounded. Now it follows from Theorem 3.1 that ∞ is the bov of f .
Example 2. This is the classical example given by Baker [1] . The entire function g(z) given by the canonical product
where r n satisfies some growth condition is an example of entire function having a Baker wandering domain. Therefore, g has bov and that is, of course, ∞.
Remark 2. If f ∈ M has a Baker wandering domain then it has no finite asymptotic value by Theorem 9 [6] . In particular, it has no bov. Hence Theorem 3.2 is never true for meromorphic functions.
The converse of Theorem 3.2 is not true in general as given in the following example.
Example 3. Let f λ (z) = e z + z + λ, λ ≥ 0. Let γ be an unbounded curve. If the set A = { (z) : z ∈ γ} is bounded then { (z) : z ∈ γ} is unbounded. But, by the mapping property of e z , there exists M > 0 such that |e z | ≤ M for all z ∈ γ. Since
The function f λ has no finite asymptotic value and the critical values are λ−1+iπ(2k +1). Further, if z * is a fixed point of f λ then its multiplier is 1 − λ. In other words, all the fixed points of f λ are attracting when 0 < λ < 2. Note that z k = log | − λ| + iπk is a fixed point of f λ for all odd k and these are the only fixed points. We assert that the attracting basin of z k is unbounded for 0 < λ < 1. For odd k, T
where T iπk (x) = x + iπk and φ(x) = −e x + x + λ. The function φ(x) has a fixed point at log λ and this is negative as 0 < λ < 1. Further, φ(x) is increasing on the negative real axis, attains its maximum at 0 and then decreases. It also follows that φ(x) > x for all x < log λ. This means that φ n (x) → log λ as n → ∞ for all x < log λ. Thus f n λ (z) → z k as k → ∞ for all z ∈ L k for odd k and such that (z) < log λ. Therefore, the basin of attraction of z k is unbounded. Note that if a function has a Baker wandering domain then all its Fatou components including the Baker wandering domains are bounded. This gives that f λ has no Baker wandering domain.
Sufficient conditions for existence of bov for meromorphic functions follows from some earlier work reported by Nayak [5] . surrounds a, the asymptotic path corresponding to a ( which is an unbounded curve ) intersects γ m k , say at z k for infinitely many k. Further, it follows that γ m k surrounds every finite complex number for all large k. In particular, γ m k surrounds a pole for all large k and this gives that f (γ m k ) surrounds a for all large k (See Lemma 1 [6] ).
Let B be a neighborhood of a and the boundary of f −1 (B) have an unbounded component β. Then f (β) ⊆ ∂B. Note that β intersects γ m k , say at w k for infinitely many k and hence f (w k ) ∈ ∂B. But by the conclusion of the last paragraph, f (w k ) → a as k → ∞. This is a contradiction. Therefore, each component of the boundary of f −1 (B) is bounded. Hence f has bov.
An immediate corollary follows. A Julia component is called buried if it is not contained in the boundary of any Fatou component.
Corollary 3.1. Let f ∈ M have a single omitted value a and a ∈ J (f ). If J a , the component of the Julia set containing a is singleton and non-buried then a is the bov of f .
Proof. Since J a is singleton and non-buried, there is a Fatou component U of f such that J a ⊂ ∂U . It can be shown that U is infinitely connected. Considering a noncontractible Jordan curve γ in U , it is seen that f m k (γ) surrounds a and f m k → ∞ or a on γ as k → ∞ for some subsequence m k (See Lemma 1 [6] ). If U is wandering then f m k → a on γ is possible only when J a is singleton. But in that case, J a is buried which is contrary to the assumption. Therefore f m k → ∞ on γ whenever U is wandering and we are done by Theorem 3.3. Let U m be periodic for some m ≥ 0. It can be shown that U k is infinitely connected for all k ≥ m (See Lemma 3.5 [5] ). Therefore U m is neither a Siegel disk nor a Herman ring. Since a or ∞ is a limit function of the sequence of iterates of f on U m , the Fatou component U m can neither be an attracting domain nor a parabolic domain. Therefore U m is a Baker domain and
γ then we are done by Theorem 3.3. Otherwise, that means, if f m k → a as k → ∞ on γ then f n (a) = ∞ for some n. Consequently, f m k +n (γ) surrounds a by Lemma 1 [6] and f m k +n → ∞ as k → ∞ on γ. Now, the proof follows from Theorem 3.3.
Completely invariant Fatou components
Following lemma deals with Fatou components when the bov is in the Fatou set.
Lemma 4.1. Let f ∈ M have bov a and a is in the Fatou set of f . Then the following are true about f .
1. There exists exactly one unbounded Fatou component.
2.
If U is a completely invariant Fatou component then a ∈ U .
3. If a is in an unbounded Fatou component V then V is completely invariant.
Proof. (a) ) is an unbounded subset of the Fatou set in such a way that it intersects U . Thus f −1 (B r (a)) ⊂ U and consequently B r (a) ⊂ U since U is completely invariant.
Therefore a ∈ U .
3. Let a ∈ V and consider a ball B r (a) contained in V . Then f −1 (B r (a)) is a connected and unbounded subset of the Fatou set. Since V is the only unbounded Fatou component, it contains f −1 (B r (a)) giving that f −1 (V ) ⊆ V . We know that f is continuous on V which gives that f (V ) is connected. Since V is backward invariant, we can choose a z ∈ V such that
This implies V is the Fatou component containing f (V ). Therefore V is forward invariant. Hence V is completely invariant.
It is a conjecture that the number of completely invariant Fatou components of a meromorphic function is at most two. This has already been proved for rational functions, transcendental entire functions and transcendental meromorphic functions of finite type. Theorem 7 [6] states that if f is a transcendental meromorphic function with a single omitted value and f has at least one critical value then the number of completely invariant Fatou components is at most two. The following result confirms a stronger version of the conjecture if the omitted values is a bov. In the following theorem, let CV f and O f denote the sets of all critical values and omitted values of f respectively. Theorem 4.1. If f ∈ M has bov then the number of completely invariant Fatou components is at most one.
Proof. Let a be the bov of f . If there exists two completely invariant Fatou components of f , say U 1 and U 2 then each is simply connected [2] and unbounded.
Suppose f has a critical value. Then either CV f ⊂ U 1 or O f ⊂ U 1 by Lemma 5 of [6] . Without loss of generality we can assume that O f ⊂ U 1 . So the bov a is in U 1 . By Lemma 4.1(1), there exists a unique unbounded Fatou component. This is a contradiction as there are two unbounded Fatou components.
Suppose f has no critical value. Since a is the bov, it is the only asymptotic value of f . Thus f is of finite type and it has no Baker domains or wandering domains.
Since U 1 and U 2 are completely invariant, none of them is either a Herman ring or a Siegel disk. Thus U i , i = 1, 2 is an attracting or a parabolic domain and contains at least one singular value. But a is the only singular value of f . This is a contradiction and it is proved that the number of completely invariant Fatou components is at most one.
From some earlier work of Nayak and Zheng, a sufficient condition for non existence of completely invariant Fatou components follows.
Remark 3. Let f ∈ M have bov a. If a ∈ J (f ) and J a is bounded then f has no completely invariant Fatou component.
Proof. If the Julia component J a containing a is singleton then the claim follows from Corollary 1 (i) of [6] . If J a is not singleton then there is a multiply connected Fatou component which must be a Herman ring by Theorem 1 [6] . But a Herman ring implies non existence of completely invariant Fatou component.
Questions further
We put forth some questions arising out of this article. Theorem 3.2 proves that if an entire function has a Baker wandering domain then it has bov. That the converse is not true in general was exhibited by Example 3. In this context the following makes sense. Question 1. Characterize all entire functions for which existence of bov implies the existence of Baker wandering domain.
In view of Corollary 3.1, the following question remains unanswered. Question 2. Let f ∈ M have a single omitted value a, J a is singleton and buried. Is it true that a is bov of f ?
If an omitted value of a function is a pole then it has no Herman ring. Also, if all the poles of a function having an omitted value are multiple, then it has no Herman ring. If a meromorphic function has an omitted value, then it has no Herman ring of period one and two. All these are proved in [4] and are true for functions with bov. We incline to make the following conjecture. 
